A linear combination of modified Bessel functions by Shitzer, A. & Chato, J. C.
I'
DEPARTMENT OF MECHANICAL AND INDUSTRIAL ENGINEERING
LABORATORY FOR ERGONOMICS RESEARCH 4 .e"'
ENGINEERING EXPERIMENT STATION
UNIVERSITY OF ILLINOIS AT URBANA-CHAMPAIGN
URBANA, ILLINOIS 61801




a) O. @J. C. CHATO
E N
o . r. -EC /l, '
U -" 1 9?g
Technical Note No. ME- T
_ oo -;:: November 1971
to -, W Reproduced by
DP .~ NATIONAL TECHNICAL
I " INFORMATION SERVICE
q U _I ·cl r  S Deportment of CommerceSpringfield VA 22151
zdOttH
u o 0 u~ Supported by
National Aeronautics and Space Administration
!. -'under
-~ Grant No. NGR-14-005-103
X,. I 'J QrN
III
https://ntrs.nasa.gov/search.jsp?R=19720005868 2020-03-23T14:53:12+00:00Z





National Aeronautics and Space Administration
under
Grant No. NGR-14-005-103
Technical Note No. ME-TN-310
November 1971
Department of Mechanical and Industrial Engineering
Laboratory for Ergonomics Research
Engineering Experiment Station
University of Illinois at Urbana-Champaign
Urbana, Illinois 61801
ABSTRACT
A linear combination of modified Bessel functions is defined,
discussed briefly, and tabulated; namely,
kT(Xx) E Ik(Xx) K (Xx) - (-1)
k +
I(Xx ) Kk(XX)
This combination was found to recur in the analysis of various heat
transfer problems and in the analysis of the thermal behavior of liv-
ing tissue when modeled by cylindrical shells.
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1. INTRODUCTION
Many physics and engineering problems are amenable to solutions
in terms of Bessel functions. These functions have been extensively
studied and tabulated. A hitherto undefined linear combination of
modified Bessel functions was found to recur in the analysis of nu-
merous engineering problems dealing with diffusion phenomena. Some
examples in heat transfer are: steady heat flow in thin rods, taper-
ing fins and thin fins around cylinders, electrical transmission lines,
Laplace transforms applied to flow of heat in cylinders, and the model-
ing of living tissue by the "bio-heat" equation. This combination of
Bessel functions is defined, discussed, and tabulated in this paper.
2. ANALYSIS
Consideration of a steady state energy balance in a heat
generating material whose heat source is linearly dependent on the
temperature leads to the following equation:
V2T - X2T = 0 (1)
where T is the temperature of the medium and A2 is the ratio of the
strength of the source per unit time, degree and unit volume to the
conductivity of the medium. In many cases, and for cylindrical
geometries in particular, Eq. (1) may yield the following equation [1,21]
,, + 1 y, _ (X2 + v2/X ) Y = 0 (2)
x
Equation (2) is referred to as the modified Bessel equation of order v.
If v is an integer, the following linear combination of modified
Bessel functions is found to recur in the solution of Eq. (2):




I9 (Axl) K9 (AXx1)
This shorthand definition of the linear combination of modified Bessel
functions simplifies the analysis of the problems considerably. Further-
more, it was observed that the function defined in Eqs. (3a) or (3b)
*Numbers in brackets refer to entries in REFERENCES.
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exhibits a few interesting characteristics that render the above defi-
nition even more useful. These characteristics are:
(a) By definition, the function kPI(Xx) satisfies the modified
Bessel equation of order k,
x d d Ax)] - (X2 = (4)
(b) This function obeys the same differentiation rule as does
the modified Bessel function of the first kind.
dx FTy(Xx)l k=T' (Xx) + Xx T'1 (Ax) (
x IMI (kx) (k+l)2()
Therefore, it is not a so-called cylinder function.
(c) For two consecutive indices the following identity is ob-
tained [3 (p. 375)].
(6)k(k+l(Xl ) x
(d) When the indices are reversed in order, the following ex-
pression is obtained:
'I (Ax.) = (-l)k+9 + l k(Xi) (7)
(e) For identical indices the following result is obtained
Tkk(xl ) E 0 (8)
The above list of characteristics is not an exhaustive one.
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When plotted on semi-log coordinates, the function (k+l)(Ax)
appears to behave as two straight lines as shown in Figs. 1 and 2.
Also, the absolute magnitudes of the slopes of these lines seem to
be identical. These characteristics suggest the approximation of
the function by an exponential expression of the kind
i (k+l)( Ax) = exp U(Axl) + SAx (9)
for
'¥5 < Ax < X2
and
Ax > X3
where X2 < X xl and X3 > X x1 . The branches are symmetrical with re-
spect to Ax = Axl with slopes of S = -0.43 and S = 0.43, respectively.
For the right-hand branch, i.e., Ax > X3 , U is about -0.5Ax!, whereas
for the left-hand branch U is of the order of 0.4Ax1.
Figures 3 and 4 show the function for repeated subscripts 0 and 1.
A simple computer program was written for the purpose of computing
the function Qg(Ax) = TYC(X). Results for the first four combinations
of indices are given in the tables. Values of the arguments,
X as well as X1, in the tables are for the range 0.01 to 100.
3. ACKNOWLEDGMENT
Numerical computations were carried out on the IBM 360/75
computer at the Computer Science Laboratory of the University of
Illinois at Urbana-Champaign.
REFERENCES
1. McLachlan, N. W., Bessel Functions for Engineers, Oxford Uni-
versity Press, London, 1948.
2. Shitzer, A., "A Study of the Thermal Behavior of Living Biologi-
cal Tissue with Application to Thermal Control of Protective
Suits," Ph.D. Thesis, University of Illinois at Urbana-Champaign,
1971. Also Technical Report No. ME-TR-207, Department of Mechani-
cal and Industrial Engineering, University of Illinois at Urbana-
Champaign, 1971.
3. Abramovitz, M. and Stegun, I. A., Handbook of Mathematical Functions,
Dover Publications, New York, 1965.
LIST OF FIGURES
Figure 1 The function 'Tl(Xx) drawn on semi-log coordinates.
Figure 2 The function 12 (Xx) drawn on semi-log coordinates12
Figure 3 The function TI (xx)











0 10 20 30 40 50
Xx
I~~~~~~~~
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TABLES OF THE FUNCTION













































































































0.200282E 02 -0.240058E 01
0.200000E 02 0.0
0.200201E 02 0.750304E 00
0.201530E 02 0.188150E 01
0.203944E 02 0.294374E 01
3.207419E 02 0.400747E 01
0.211967E 02 0.509316E 01
0.217616E 02 0.621315E 01
0.224408E 02 0.737772E 01
0.232390E 02 0.859663E 01
0.241622E 02 0.987969E 01
0.252175E 02 0.112371E 02
0.453885E 02 0.316655E 02
0.971757E 02 0.787092E 02
0.225018E 03 0.194307E 03
0.542335E 03 0.484513E 03
0.133861E 04 0.122129E 04
0.335664E 04 0.310668E 04
0.851263E 04 0.796131E 04
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0.278394E 01 -0.313557E 02























































































































K= ,L=I1 K=I,L= I
0.280604E 01 -0.371730E 02

























































































































































































































































































0.306360E 01 -0.496960E 02






































































































































































































































































Reproduced fromI best available copy.
Xl= 0.90






0.330 . 3.301217E 01


























0.764965E 01 -0.159021E 03
























































































































0.187050E 02 -0.395233E 03
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0.4o0893E 02 -0.975691E 03

















































































































































































































































































0.289611E 03 -0.613259E 04
























































































































0.736698E 03 -0.155998E 05































































































0.188789E 04 -0.399767E 05








0.486719E 04 -0.103064E 06
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0.200440E 09 -0.424439E 10
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0.275945E 26 -0.584322E 27
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K-O ,L I K3LL=l
0.563232E 30 -0.119266E 32








0.116127E 35 -0.245902E 36
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K=0 ,L=I K=1 ,=1
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